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Abstract. The subject of this research is the graphic matroid as a formal mathematical
structure for modeling the process of constructing spanning trees in undirected graphs.

The aim of the work is to develop and analyze a graphic matroid model that formalizes the
selection of a spanning tree considering weight characteristics and additional constraints.

The results show that the developed model enables formalization and efficient solution of
combinatorial optimization problems under constraints, including task scheduling and resource
selection. The proposed approach demonstrates the versatility of graphic matroids, supported by
both theoretical proofs and practical algorithm implementations. Future research prospects include
the development of dynamic graphic matroids, algorithms for distributed computing, and the
application of machine learning methods for automated extraction of matroid structures from graph
data.
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Anomauin. Ilpeomemom docniddcenns € epaghosutl Mmampoio K popmanrbHa MamemMamuyHa
CMPYKmMypa 07151 MOOeN08AHHS Npoyecy nody008U 0CMOBHUX 0epes y HeOPIEHMOBAHUX 2pAPax.

Memow pobomu € po3pobka ma auaniz mooeii 2epagooco mampoioa, wo 00380/5€
Gopmanizysamu 6ubip 0CmoHo2o depesa 3 YPaxy8aHHIM 8A208UX XAPAKMEPUCMUK | 000AMKOBUX
0OMedHCceHb.

Ompumani pe3ynomamu NOKA3Y10Mb, WO N0OY008AHA MOOEIb 003680J5€ opmanizyeamu ma
epexmusHo po36’szyeamu 3a0aui KOMOIHAMOPHOI onmumizayii 8 yMO8ax 0OMedlceHb, 30Kpema
NIAHYBAHHS 3A80aHb 1 6uOopy pecypcis. Po3pobaenuii nioxio 0emoHcmpye VHi8epCalbHICmb
epaghosux mampoiois, niomeepodicery K MeopemudHUMU O00BCOCHHAMU, MAK [ NPAKMUYHOK
peanizayieto  aneopummis. Illepcnekmusu nooanbuux OO0CHIONCEHb NO8 A3aHI 3 PO3POOKOI0
OUHAMIYHUX 2epaghosux mampoioie, anreopummis Oisi PO3NOOLIEHUX OOUUCIEHb | 3ACMOCYBAHHSL
Memooi6 MAUWUHHO20 HABYAHHA Ol ABMOMAMUYHO20 BUBCOCHHS MAMPOIOHUX CMPYKmMyp i3
epaghosux oanux.

Knwuosi cnosa; cpagosuti mampoio, ocmogue i cnaunyroue oepego, ancopumm Kpyckana,
o0enbma-mampoioni oomedicenns, kombinamopua onmumizayis, areopumm GREEDI

Introduction.

Our results are consistent with modern deterministic approaches to the
recalculation of matroid bases, in particular using Pfaffian pairs and parity structures
(Matoya & Oki, 2020), which allow for the efficient calculation of the number of
spanning trees. On this basis, classical theorems are derived—Kirchhoff's formula,

Tutt's theorem, and the Pfaffian formula for trees—and polynomial algorithms for
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finding minimum weight solutions in weighted cases are proposed. Oxley (2006) lays
the foundation for the fundamental concepts of matroid theory — ranks, bases,
closures, graph and representative matroids, excluded minors, and union operations.
Wabhlstrom (2024) extends the classical lemma on representative sets for linear
matroids to a broader class of linear delta-matroids, using the method of sieving
families of polynomials of bounded degree to go beyond traditional linear algebra.

Main text

Graph matroid [2]. Let G=(V,E) be an undirected graph. Then the graph
matroid M(G)=(E,I), where I is the set of all subsets of the edges E that do not form
cycles, i.e., are acyclic (forests). Each spanning tree is a maximal independent set in
this matroid, and Kruskal's algorithm itself is an example of a greedy algorithm for
finding a basis (a maximal independent set). Kruskall's algorithm for a matroid works
as follows: all edges of the graph are sorted in ascending order of weights; an empty
set T=0 is initialized; edges e are added to T sequentially if TU{e} does not form a
cycle; the process continues until there are |V|—1 edges in T. For a matroid, it is
known that a greedy algorithm gives the optimal result if: there is a weight function
w:E—R, for each subset ACE, the greedy choice maximizes (or minimizes) the
weight of the basis. In a graph matroid, Kruskal's algorithm minimizes the weight of
the basis corresponding to the minimum spanning tree.

Example of a graph matroid Suppose we have a graph on n=11 vertices. The
maximum size of an independent set is 10 edges (i.e., a tree). Below is an estimate of
the number of independent sets when edges are added gradually. To specify a
formula for calculating the number of independent sets in a graph matroid generated
by a specific graph, we need to consider: the set of edges, the set of vertices, and the
structure of the graph — that is, which edges form cycles.

After 10 edges, the number of independent sets does not increase, because new
edges begin to form cycles with existing ones.

Main characteristics of the graph: number of vertices (V): 11; number of
edges (E): 22, E={(1,2),(1,4),(1,5),(1,6),(2,3),(2,6),(3,6),(3,7),(3,8),(4,5),(4,9),(5,6),
(5,9), (5,10),(6,7), (6,10),(7,8),(7,10),(7,11), (8,11),(9,10),(10,11)},
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Rank of the matroid Rank = |V| — I = 10 (maximum number of independent
edges), any subset with <10 edges that does not form cycles is independent.

Number of distinct trees in a graph — Kirchhoff's formula

Kirchhoff's theorem. For a connected undirected graph with n vertices, the
number of spanning trees (i.e., trees covering all vertices) is calculated using the
Laplace matrix: ©(G) = det(L*), where: L is the Laplace matrix of the graph:
L=D—A, D is the diagonal matrix of degrees, A is the adjacency matrix, L* is any
minor of the matrix L obtained by removing one row and one column.

The Laplace matrix L of a graph is an algebraic representation of the graph
structure that takes into account the connections between vertices.

Kirchhoff's formula (Matrix-Tree Theorem) uses the Laplace matrix to
calculate the number of spanning trees in a graph.

The number of spanning trees for our example is 728.

To illustrate the structure of spanning trees, let us give three examples with
different topologies (Fig. 1):

T. is a linear tree that forms a path without branches (DFS algorithm);

T2 is a tree with a given central vertex 1 and branches;

Ts — a tree with minimum depth, which provides fast coverage of all vertices
through branching (we calculate the eccentricities; vertex 6 has the smallest

eccentricity —3).

Figure 1 — Examples of sleeping trees

Visualizations of these trees demonstrate the diversity of structures that can be
generated based on a single graph and confirm theoretical propositions regarding

graph matroids and spanning trees.
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In graph theory, the terms spanning tree and minimum spanning tree are often
used, but they have different meanings — although they are closely related.

A spanning tree is any tree that includes all vertices of a graph, is acyclic (does
not contain cycles), has a minimum number of edges — exactly (n - 1), where n is the
number of vertices, and does not take into account the weights of the edges. In other
words, it is simply a structure that connects all vertices without cycles.

A minimum spanning tree (MST) is a spanning tree that: includes all vertices,
minimizes the total weight of the edges, is defined only for weighted graphs, and is
found using the Kruskal, Prim, and Boruvka algorithms.

To use matroid constraints, assign weights to the edges of the graph.

@ Here is an example of edges forming an

2 independent set (forest) with their

n | weights:
5 s N L (1,4, 1),(3,6,2),(1,2,3),(4,9,4),3, 7,
S e 5)(5,6,6),(7,8,7), (5,9, 8), (7, 11, 9),
* ‘ (8, 11, 10).

These edges form a skeleton tree — that

Figure 2 — Weights to the edges is, the basis of the graph matroid.

Analysis of results

The study confirms that graph matroids are an effective formalization for
constructing a skeleton tree in an undirected graph. Acyclic edge sets naturally
correspond to independent sets, which is consistent with the axioms of matroids.
Kruskal's greedy strategy, interpreted in a matroid context, provides the optimal
choice of basis with minimum weight. In addition to theoretical justification, the
model demonstrates practical significance: matroid constraints allow for the effective
modeling of selection problems with multi-level criteria, particularly in task planning.

Conclusions

Graph matroids are a universal tool for modeling skeleton trees and optimization
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in graphs. Greedy algorithms, such as Kruskal's, acquire a generalized interpretation
through matroid theory, which extends their application to other combinatorial
structures. The combination of graph and matroid approaches opens up prospects for
the creation of adaptive algorithms in network design, resource allocation, and

optimization in dynamic environments.
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