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Introduction.

Within the framework of stochastic control theory, control in systems with
random parameters is investigated. This theory i1s widely applied in many fields,
including finance, engineering, economics, etc. The beginning of stochastic control
theory is associated with the analysis of solutions to stochastic differential equations
describing system’s evolution in time under random disturbances or influence of
random factors. Stochastic control theory was developed by improving the methods of
solving stochastic differential equations, introducing new approaches to the analysis of
random processes, and applying them to such areas as finance, optimal portfolio
management, risk management, and many others (see [1-11]). Modern research in
stochastic control theory continues to expand its application to new fields, develop
more efficient methods for solving complex problems, and expand its theoretical
base. This article considers the comparison theorem for solutions of stochastic
functional differential equations (SFDE) subject to external disturbances and its
application to a stochastic control problem, which is a development of the results
obtained for one-dimensional Ito processes in [2, 4-6] and for the case of
Poisson disturbances in [12-14].

Comparison theorem for SFDE solutions

Let (Q, F, P) be a probability space with a flow of a o -algebras {F,#>0}, D be
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the space of right-continuous functions with left-hand boundaries (RCLB) with

values from R' Rl and with a uniform metric [1-3].
Theorem 1. Let the following be given:

1) a strictly increasing function {p(x),x <€ R} such that
pO)=0, [p™(x)dv=o0;
0

2) continuous functionals »: R, xD —R'; ¢:R, xDxV —>R', VcR' such that

for arbitrary ¢,y € D

b(t,0) = b(t,w)| + [ et p.u) = ety w)|Tidu) < p(lp —y|), 1205

3) two continuous functionals ¢,:R, xD — R', i=1,2, such that
a(t,p)<a,(t,p), t=20, @eDb;

4) random processes {xi ) =x(t,w),teR, , 0 i= 1,2} continuous in ¢ and
{F }- measurable in w;

5) standard Wiener process w(f)=w(t,®):[0,0)xQcR' such that
w(0)=0(modP);

6) centered Poisson measure {V(f,4)=v(t,4)—I1(4)t, AcVcR\{0}} where
{w(t)} and {v(z,A)} are independent of each other;

7) random processes {«,(t) =, (t,w),t € R, ® € Q} measurable with respect to
{F,t>0}.

Let also the random processes from 4)—7) of this theorem satisfy the following

conditions with probability one:
x,(1) - x,(0) = Ial. (s)ds + jb(s,x;)dw(s) + j jc(s,x;,v)&(ds,dv),
0 0 ov

x,(0)<x,(0), 6e(—x,0],
a,(t)<a(t,x), t>0, (1)

a,(t)<a)(t,x)), t>0, ()
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where {x' ={x(t + 0),0 € (—0,0]}.

Then the inequality
x()<x,(t) Vt=0 3)
holds with probability one. If the condition of the uniqueness of strong solutions with

probability one holds for at least one of the SFDEs
dx,(t) = a,(t,x")dt + b(t,x")dw(t) + J‘c(t,xt,v)ﬁ(dt,dv), i=1,2, 4)
\%

then (3) also holds under a weaker condition: q,(f,9)<a,(t,p), t=0, @eD.

Remark 1. Theorem 1 also holds for non-linear SFDEs of the form

dx(t,0) = x(0)+ Y at, (1,0, (£, x(t + 6,0))de +

J=1

2r+1

+ Z a,(t,o)b, (s,x(t + G,w))dwj (r,0)+

J=r+l
3r+2
+ Z jaj(t,a))cj(t,x(s+«9,a)),v)17j(dt,dv,a)), (5)
J=2r+2vy
x(t+6,0)  =0(0); a,(to)|_ =B(0),j=13r+2, (6)

where «,(t,0):[0,7]xQ—>R"xR" are external random processes pairwise
independent with each other and with the Wiener processes and coefficients a,,b;,c;

satisfy the Lipshitz properties and conditions of Theorem 1.

Problem of the existence of optimal control of sfde solutions among the
feasible controls

Let us consider a stochastic optimization problem that can be solved using
Theorem 1. This optimization problem is an example of proving the existence of
stochastic control for the class of SFDE subject to external disturbances of the type of
random processes. The obtained results are a development of the research carried out
in [6, 12—14] to the case of the action of external disturbances of the type of
random processes. Let k(z) be a nondecreasing non-negative function defined on

[0,00).

Definition 1. A system of random processes
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{a,(t,w), j=13r+1Lw(t,0),]=r+12r+1,7,(t,v,0),k =2r +2,3r + 2, u(t,),t 2 0} (7)

is called a feasible system or feasible control if:

1) it is defined in space (Q,F,{E,t > 0},‘ﬁy (Y),P), where {F,t >0} 1s the flow
of o -algebras and I (Y) is o -algebra on the set Y = {yl,yz,...,y,,} cR’;

2) g, (t,a)) : [O,T ] x(Q — R"xR" are diagonal matrices, measurable with respect
to the minimum o -algebra £, N DT, (Y), pairwise independent of each other and of
n-measurable Wiener processes w, (t,w) and centered Poisson measures 17j (t,v,a)),
witha, (t,0) € C([-A,0]);

3) u(?) is an n-measurable F; NI, (Y) random process such that |u(¢,w) |<1 for
all £ > 0 with probability one (almost everywhere);

4) x(t,a)) € C([—A,oo]) is a given and fixed random process
x(t,®):[-A,o]xQ—>R".

For the feasible system (7) and its coefficients, the conditions of Theorem 1

(comparison theorem) are satisfied. Risk x“(¢,w) for (7) is determined by the

equality
L 2r+l
x“(t,w)= x(@) + I Z a; (S,a))b(s,y,x“ (S + H))dwj(s) +
0Jj=r+l
L 3r+2 t
+” Z a,(s,0)(s,x" (s +0,0),v)V(ds,dv,w) +Iu(s)ds, (8)
0V Jj=2r+2 0
with the initial conditions
X“(t+6, a))LO =xi(0), a,to)| =a)(o), j=13r+2 (9)

Further we assume that aj(t,a))z(), j=Lr, x" E{x” (t+t9,a)),6’e[—A,O],A>0}.

The problem of minimizing the expectation E{k || x' ||} is formulated with respect
to all possible systems (7). We will solve this problem according to the technique
described in [6, 14].

Let U(/) be defined as follows:
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=L ervo,
u)y=4l11]

0, [=0.

Consider the SFDE of the form

2r+l

dx(t,0)= D a,(t,0)p(t,x,)dw,(t,0) +

J=r+l

3r+2
+ j > a,(t,)(t,x,,v)V(dt,dv,w) + U (x(t,w))dt (10)

Vv j=2r+l

with the initial conditions
x(t+6,0)|_,=p@), 6e[-A0),A>0; (11)
X(t+0,0)- =x, ato)| =a, j=12. (12)

6=0 1=0 4

It is known [6, 14] that the solution (10)-(12) exists and is unique with probability

one under the conditions of Theorem 1.

Let u’(s)=U’(x(t,w)), then the feasible system

(@’ (t,0), j=13r + LW (t,0), 1 = r+1,2r +1,7°(t,v,0), k =2r +2,3r + 2, u’ (1, 0),1 > 0}
specifies the optimal control, i.e., for an arbitrary feasible system (7) we get
E{k(|x(t,0)])} < E{k(| x" (¢, 0) )}

Lemma 1.

Let system (7) be the set of n-measurable {F,, (Y)}- coordinated processes

defined on the modified space (Q,F N7, P) with the flow {F, "97(x)}; similar set

(@ (t,0), j=13r+Lw(tw),l=r+12r+l, V. (1,v,0), k =2r+2,3r +2, ii(t,0)}
is defined on another modified space (Q, F N 97, P) with the flow {I:"t N7 (x)} :

Then there is a modified space (Q,ﬁ NI ,13) with the flow {ﬁt N7 (x)} and

the set

(6, (@), j=L3r + L), [ =r + 1,27 +1,v,(t,v,0), k = 2r + 2,37 + 2, i(t,0)}

of n-dimensional {Ft N7 (x)} -coordinated processes such that:
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L

D{x(t,0),a,(t,0),j =13r+Lw,(t,0),k =r +1,2r +1;9,(t, 4, 0),l =2r +2,3r + 2, A€ M}~

L

~E(t,0);¢, (L), =1L3r + 1L (t,@),l =1+ L2r + LV, (t, @),k =2r + 2,3r + 2,4 91};

~

- —— ~ L
){i(t,w),a,(t,0), ) =1,3r + L (t,0),k =r +1,2r + L, (t, 4,0),] = 2r + 2,3r +2,A€ M}~

L - _ A A
~{x(t,0);a,(1,0), j =1,3r + L, (t,0),] = r +1,2r + LV, (t,v,0),k =2r + 2,3r + 2,4 € 91};

3){w, (t,w), k =r+1,2r +1} — n- dimensional Wiener processes;

4){1%{ (tv,w), k=2r+23r+2, Aec fﬁ‘} — nxn- dimensional centered Poisson

measurcs.

L
Here symbol ~ means that the processes have the same distribution laws.

The proof of Lemma 1 is similar to the proof of Lemma VI-2.1 [6]. Based
on the above assumptions, the following theorem is true.
Theorem 2. Let (7) be an arbitrary given feasible system, and for a given x € R”

solution {x"(f,w)} be determined by the SFDE (8). Then on some modified

probability space it is possible to generate R"- dimensional processes {X"(t,)},

¥ (t.o)} and{ &, (t,0),j=13r+2},{a) (t,0),j =13r +2| such that

1) {x" (1 o) AT (1)}

2) (1) R (1 0)}

3) | X°(t,w) |<| ¥ (¢, ) | for arbitrary ¢ >0 with probability one;

4) {0?;.) (t,w),j=13r+ 2} ;{d; (t,0),j=13r+ 2} with probability one.

Conclusions.

We have proved that there is a minimum value of expectation for feasible systems
of the form (7). We have considered the comparison theorem for the SFDE subject to
external disturbances of the type of random processes and established the fact of the

existence of optimal control for this class of systems.
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