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Anomauyia. B yiti pobomi nasedeHo cxemy memooy AAHYH2I8 CMOCOBHO PO368 A3AHHS
CKIHYEHHO020 JIHIUHO020 PI3HUYEeB8020 PIGHAHHS, I NPUBEOEHO (POPMYIY 3A2ANbHO20 PO38 S3KY YbO2O
PisHsHHS. SIK HACTIOOK, HABEOEHO (hOPMYILY 3a2ANbHO20 PO38 'SA3KY PIZHUYEB020 PIGHAHHSI 31 CMATUMU
KoeiyicHmamu, sKa YiIkoM 3a1enCums minvKu 6i0 Koe@iyicHmis yboeo pisHanHs. Pozensanymi
PO36 A3KU  NIHIUHUX OuhepeHyianvHux pieHAHb V GUTA0l Y3A2ANbHEH020 CMeneHego2o psioy,
Koe@iyicHmu K020 3HAX00AMbCSL MEMOOOM IAHYIOIE.

Knrouoei crosa: nanyroe, pisHuyese pisHAHHA, YHKYISA YLI0UUCETbHO2O aP2YMeHm).

Abstract. A scheme of the chain method for solving a finite linear difference equation given in
this paper, and a formula for this equation’s general solution of is given. As a result, the formula for
the general solution of a difference equation with constant coefficients is given. This formula depend
entirely only on the coefficients of this equation. Considered solutions of linear differential equations
in the form of a generalized power series, the coefficients of which are found by the chain method.

Keywords: chain, difference equation, functions of integer argument.

Introduction.

This paper is a review of the author's works [1 — 5], in which the chain method
was developed for solving a linear difference equation and applied to construct
solutions to some linear differential equations.

Main text.

Consider a linear difference equation of order n:

Lk = aaplnir-1 + ol + -+ aply, ane #0, k=0,1,..., (1)
where aq, ayy, ..., Ay are known functions of integer argument &.

A step-by-step solution of equation (1) is used, i.e. at each subsequent step of
using equation (1), the solutions found in the previous steps are taken into account, and
writing the coefficients of equation (1) in the form a;;, does not allow establishing the

@

regularities that exist between these coefficients. Therefore, we denote a;; = a, k—j>

j=1,n. Then equation (1) takes the form

1 2
Lk =@ b1 + 02 bz + -+ aPL,  k=01,.. . (Q2)
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The general solution of equation (2) is given by the formula
ln+k = (Pn—l,n+kln—1 + (Pn—Z,n+kln—2 + -t ¢0,n+k10: k=01,.., (3)
where l,,_4, l,,_2, ..., ly are arbitrary constants, integer functions @; 1, i=1,n — 1,

form the fundamental system of solutions of equation (2), and which are constructed

in explicit form. Their structure is determined by the formulas

Pon+k = (n)fk n+k -
1
Pin+k = (n )fk n+k T a4 )fk 1n+k

............... _-..--.-..-.--.--.-_.:-..-.--.-..-..-..- (4)
g o ekt a™f

(n)
Pn-1n+k = an 1fkn+k + an 1fk 1n+k + et a fk—n+1,n+k .

The functions fynik> fr—1n+k> --» Fk-pn+k» P = min(n, k), are related by the
equality
[rn+k = alf k—1n+k T alf k—2n+k Tt a? f k—pn+k, (5)
with fo = 1, fjmi=0, ifj <0.
In constructing the function fy ., those coefficients of equation (2) that appear

at the k-th step of the recursion are used, namely

Mynik =
(02,0, 6By 6210y By 2,0y )
where s = min(k, n).
The elements a(’) ,j=1,n, are called elements of rank j. The elements of the set
M, .+ that have the smallest subscripts, 1.e. a,(ll), a1(12)’ s (S) , are called the initial

elements of the set, and the elements whose sum of the lower and upper indices is equal
(s)

nik—s €an be both

to ntk are called the final elements of the set [6]. The element a
initial and final.

The results of recursion produce products formed by elements of the set My, 4k,
which have the following structure: two arbitrary adjacent factors in each of the

products satisfy the following multiplication rule: - ai‘l)agﬁ w1y, i;=1,n, where

i1 and i, can be equal to each other.
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A chain consisting of elements of the set M,, . is called the product of the
maximum possible number of elements from this set, but for two arbitrary adjacent
factors in this product the specified multiplication rule must be used. It follows that an
arbitrary chain starts with some initial element of the set M}, ,, 4 and ends with one of
the final elements of this set.

The structure of an arbitrary chain has the following form:
(i) _(i3) Y

Py
n+iq T n+igtip n+iq+ip++ip_q’

n Qa

n+ig+-+i,_1+i,=n+k.

The order of a chain is the sum of the ranks of all the factors that form this chain.
From the elements of the set M, 4 it is possible to form chains of order k only,
because iy + -+ i,_q +i.=k.

The function fy 4k 1s the sum of all chains of order k that can be composed of
elements of the set M, 4. Let us now count the number of terms in the function
fkn+k- Let a chain of order k have x4 elements of rank one, x; elements of rank two,
etc., x, elements of rank n. Then k = x{ + 2x5 + -+ nx,, . It follows that the
number of all chains of order k that can be composed of elements of the set My, ;1 1S

equal to

(x1 +x, + -+ xn)!
X1 x5! . xp! '

QY =

X1+2x2++nx,=k
The function fj_q 4k 1 constructed similarly. It is the sum of chains of order

k — 1, which are formed from the elements of the set

_ (D o . @ @ . .. ® (p)
M0k = (an+1,...,an+k_1, Ao Apip o5 s Apiq, e, Qg ),

and the number of such chains is

(x1+x2++xp)!
1 2 n

m) _
Qk—1_2x1+2x2+~-+nxn=k_1 PN , €tc.

The number of chains of order k — m (i.e., terms in the function fj_,, ,+x) formed
from the elements of the set

— (4D o ., @) @ . . ® (p)
Mn+m,n+k - (an+m' o Qi1 Ao 0 Ay e—25 5 Qi - aq ’

is equal to
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(n) z (x1+x2+---+xn)!

Qi-m = I x,! I
X1:X9: ...X0:
x1+2x2++nx,=k-m 1°72 n

The solution to equation (2) is given by formulas (3) and (4).

Let

@
n+k—j

=a;, k=0,1,...,

that is, we are dealing with a difference equation with constant coefficients
ln+k = alln+k_1 + azln+k_2 + -+ anlk , k = 0, 1, (6)
Now, in any chain, the order of multiplication of its elements according to the

specified rule loses its meaning, and the chain structure takes the form aj'ay? ... a;".

Then
_ (xl +x2-|-...+xn)!_ X1 X2 Xn —R(n)
fk,n+k_ x4l X! o x ] a, a; ..a, =Ky,
1. 2. Y n-
xX1+2x2++nx,=k
_ (xl +Xp + 0 F xn)! X1 X2 xXn _ pn)
fk—m,n+k - "a;a; ...y = Rk—m :

X1l x! . xp,!
x1+2x2++nx,=k—-m 172 n

Equation (5) can be written in the following way:

RY” = a, R, + @R, + -+ + a, R

k—-n’

k > n;

— (7)
Ri") = alecn_)l + et ak_lR(ln), k=1n;
R =1,R™ = q,. (8)
Equation (4) can be written in the following way:
(PO,n+k = anRin);
Pin+k an—lecn) + -+ anRS(n_),-. i=1,n-2,
Pn-1n+k = Rg.?l = alRE(n) + ot anRgi),H_l .
The general solution of equation (6) is given by the formula
n
Lyvk = R™ 4+ a; R, + -+ ay,R™. i, k=0,1,...,(9
n+k (a;Ry, Qi1 4 a,R; )i 1, ...,(09)
i=1

where the numbers Rin), if k = 1,n or k > n, are calculated by formulas (7), (8).

It can be proven that among the solutions (9) there are known solutions of the
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form k™A°, where A is the root of the characteristic equation
M= A"+t a, At a,.
In [1] an example is given where the equation is considered l,,= al,, 1+ bl,.

Its solution is given by the formula
[k/2] [k/2]
Less = (aly + bly) Z cn. akZmpm 4 pl, Z cm. _ak2m-ipm
m=0 m=0

This formula implies:

1) if Ay # A and by = Ay, Ly =1, then Ly, = AT

2) if A;= Ap= ;—‘ == g , 1o =1, then

a k+2 k42
lk+2 = (2) ﬂ’l+ )

and for Iy =44, lp =0
Levz = (k+2) A7

Summary and conclusions.

Thus, the construction of a fundamental system for solving equation (2) allows us
to explicitly construct a general solution to a homogeneous difference equation of the
n-th order. In this paper, we consider the case where the coefficients of the difference
equation are constant real numbers. The second-order equations are generalized by the

Fibonacci sequence.
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